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Let  us c o n s i d e r  the nonequ i l ib r ium s t a t e s  of an i s o -  
t r op i c  so l id  body at whose  bounda r i e s  s t e ady  t e m p e r a -  
t u r e s  a r e  ma in ta ined ,  When the only i r r e v e r s i b l e  p r o -  
c e s s  is  hea t  t r a n s f e r  by conduct ion  at  k = cons t  and 
the t h e r m a l  expans ion  of the body is neg l ig ib le ,  the 
g e n e r a l i z e d  f o r c e  X, the t h e r m a l  f lux I, the  p h e n o m -  
eno log ica l  coe f f i c i en t  L, and the e n t r o p y - p r o d u c t i o n  
r a t e  dSi/dt  a r e  d e t e r m i n e d  by the fo l lowing r e l a t i o n s  
of nonequ i l ib r ium t h e r m o d y n a m i c s  [ l l :  

1 
X = grad - - ,  (1) 

T 

I ~- LX,  (2) 

L =)~T 2, (3) 

dSj_~ = ~ i X d V = k  f T~grad' 1 dV. (4) 
dt j ,j T 

V V 

ff we in t roduce  the new v a r i a b l e  

21 = lnT, (5) 

then e x p r e s s i o n  (4) can  be g iven  a f o r m  m o r e  conve -  
n ient  for  a n a l y s i s :  

dSi = k ~ grad 2 ~ dV. (6) 
dt 3 

V 

Under s t e ady  boundary  condi t ions ,  the f ie ld  o f t  
tha t  c o r r e s p o n d s  to the  m i n i m u m  e n t r o p y - p r o d u c t i o n  
r a t e  m u s t  s a t i s f y  the  E u l e r - O s t r o g r a d s k i i  v a r i a t i o n a l  
equat ion 

div grad ~ = 0 (7) 

o r ,  in C a r t e s i a n  c o o r d i n a t e s  x, y, z, 

- -  0 2 21 O~--YL + 0~'~ + = 0 .  (8) 
Ox 2 092 Oz ~ 

Thus,  at  m i n i m u m  dSi/dt ,  the f ie ld  of  ~- is  d e s c r i b e d  
by a Lap lace  equat ion.  

Subst i tu t ion of (5) into (8) g ives  an equat ion for  
the  t e m p e r a t u r e  f ie ld  T (x, y, z)  : 

O~T + 02T 02T 

1 ? oT?+ 
T Ltax/+(Oyl 

Under  s t eady  boundary  condi t ions ,  Eq. ( 9 ) d e t e r m i n e s  
the  s t e a d y  t e m p e r a t u r e  f ie ld .  Since 

( 027" OZT 02T \ 
d i v l = - - ~  \ Ox'-+--+-~-z~ ) 

i t  fol lows f r o m  (9) tha t  to obta in  a t e m p e r a t u r e  f ie ld  
T(x, y, z) that  s a t i s f i e s  the  n e c e s s a r y  condi t ions  for  
m i n i m u m  dSi/dt ,  the body mus t  have hea t  s inks  (div I < 
< 0) with the i n t ens i t y  

d , , ,  + ' -- ' Oz J J 
(10) 

When the e n t r o p y - p r o d u c t i o n  r a t e  is  m i n i m a l ,  the 
ene rgy  l o s s e s  a s s o c i a t e d  with i r r e v e r s i b l e  heat  t r a n s -  
fe r  in the body 

E = T,  dS~ 
d/ 

a r e  a lso  m i n i m a l .  T he re fo r e ,  the in t roduc t ion  of hea t  
conduc to r s  connec ted  to hea t ing  o r  cool ing  mach ines  
into the heat  insu la t ion  is one method of r e d u c i n g  e n e r -  
gy l o s s e s  [2, 3]. The m a x i m u m  ef f ic iency  of such s y s -  
t e m s  is  e s t i m a t e d  by ca l cu l a t i ng  dSi/dt  and E for  the 
f ie ld  of T in the  insu la t ing  s t r u c t u r e  that  s a t i s f i e s  Eq. 
(8). Na tu ra l ly ,  a l l  of the convent iona l  ana ly t ic  and nu-  
m e r i c a l  methods  of so lv ing  the D i r i ch l e t  p r o b l e m  and 
the methods  of mode l ing  po ten t ia l  f i e lds  can  be  used  in 
so lv ing  Eq. (8).  

Equat ion (9) and i t s  equiva len t  (10) admi t  s i m p l e  
p h y s i c a l  i n t e r p r e t a t i o n .  Let  us c o n s i d e r  the s t eady  f i l -  
t r a t i o n  through a hea t - conduc t ing  body of a l iquid  (gas)  
with a cons tan t  vo lume spec i f i c  hea t  and a neg l ig ib le  
(as c o m p a r e d  with 7c) t h e r m a l  conduc t iv i ty .  We sha l l  
a s s u m e  that  t h e r e  is  r e v e r s i b l e  heat  t r a n s f e r  be tween 
the f luid p a r t i c l e s  and the body.  

When a l l  of t he se  condi t ions  a r e  s a t i s f i e d ,  f luid f i l -  
t r a t i o n  p r o d u c e s  in the  body t h e r m a l  f luxes  I '  for  which 

div 1' = - -  cw grad T. (11) 

Cons ide r ing  the fac t  tha t  

1 [(OT]=+(OT]'+(~]']=gradTgrad, 
T tkax/  tayJ \ a z / ]  

r e l a t i o n  (10) can be w r i t t e n  as  

di v I ~ - -  1~ grad T grad ~. 

T h e r e f o r e ,  when 

= ~ grad z, (12) 
C 

then 

div I = div I ' .  

Since in th is  c a s e  the  ve loc i ty  f ie ld  ~ is  a po ten t ia l  
f ie ld ,  condi t ion  (12) can  be  s a t i s f i e d .  The t e m p e r a -  
t u r e  f ie ld  s a t i s f i e s  Eq. (9) and the e n t r o p y - p r o d u c t i o n  
r a t e  is  m i n i m a l .  
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T is the  abso lu te  t e m p e r a t u r e ;  T is the  na tu ra l  l og -  
a r i t h m  of T ; S i i s  the en t ropy  product ion ;  ~ is  the  t h e r -  
ma l  conduct iv i ty ;  X is  the g e n e r a l i z e d  fo rce ;  I is the 
hea t  flux; L is  the phenomenolog ica l  coef f ic ien t ;  t is  
the t ime;  V is  the volume;  x, y, and z a r e  C a r t e s i a n  
coo rd ina t e s  of points  on the body; To is the amb!ent  
t e m p e r a t u r e ;  E is  the  e x e r g i c  l o s s ;  c is  the  volume 
hea t  capaci ty ;  Vz i s  the f i l t r a t i o n - r a t e  v e c t o r  of l iquid 
(gas).  
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